Variants of Bell inequalities 



Zeqian Cher 

Research Center for Mathematical Physics, 
School of Mathematical Sciences, Capital Normal University, 
105 North Road, Xi-San-Huan, Beijing, China and 
State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics, 
Wuhan Institute of Physics and Mathematics, 
Chinese Academy of Sciences, 30 West District, 
Xiao-Hong-Shan, P.O.Box 71010, Wuhan 430071, China 
(Dated: February 1, 2008) 

A family of Bell- type inequalities is present, which are constructed directly from 
the "standard" Bell inequalities involving two dichotomic observables per site. It 
is shown that the inequalities are violated by all the generalized Greenberger- 
Horne-Zeilinger states of multiqubits. Remarkably, our new inequalities can provide 
stronger non-locality tests in a sense that the local reality inequalities are exponen- 
tially stronger than the corresponding multipartite separability inequalities. This 
reveals that the exponential violation of local realism by separable states is an in- 
teresting consequence of quantum fluctuation of multipartite systems. 
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Bell's inequality l|] was originally designed to rule out various kinds of local hidden vari- 
able theories based on Einstein, Podolsky, and Rosen's (EPR's) notion of local realism j^, 
and thus certifies quantum origin and true nonlocality of entangled states ^. Bell inequal- 
ities now serve a dual purpose. On one hand these inequalities provide a test to distinguish 
entangled from non-entangled quantum states. Indeed, experimenters routinely use viola- 
ions of Bell inequalities to check whether they have succeeded in producing entangled states 
^. On the other hand, violations of the inequalities are applied to realizing certain tasks 
by quantum information, such as building quantum protocols to decrease communication 
complexity [5[ and making secure quantum communication [6|. Derivations of new and 
stronger Bell-type inequalities are thus one of the most important and challenging subject 
in quantum theory. 



There are extensive earlier works on Bell inequa^ 
Shimony-Holt (CHSH) inequality for bipartite systems 



ities 



7|, including Clauser-Horne- 



B| and Mermin-Roy-Singh-Ardehali- 



Belinskii-Klyshko (MK) inequalities for multi-particle systems . A set of multipartite Bell 
inequalities with two dichotomic observables per site, including the MK inequalities, has 
been constructed by Werner and Wolf and by Zukowski and Brukner (WWZB) jLOj], which 
is complete in the sense that the inequalities are satisfied if and only if the correlations 
considered are describable in a local and realistic picture. Such inequalities are referred 
usually as "standard" ones. There are also other Bell-type inequalities with more than two 
observables per site and/or for high dimensional systems quadratic Bell inequalities 

12 1, and ones based on variances and Wigner-Yanase skew information jl^. We refer to 

14| and references therein for more details. 



The theorem of Gisin [15|] states that any pure entangled state of two qubits violates a 
CHSH inequality. Can Gisin's theorem be generalized to multiqubits? Scarani and Gisin 
show that there are states which do not violate the MK inequalities. Surprisingly, Zukowski 
et al further show that there is a family of pure entangled states of n > 2 qubits which 
do not violate any standard Bell inequality. This family is a subset of the generalized GHZ 
states given by 

|^(^)) = cos^lO") + sin^|r), (1) 

with <e < tt/A. The GHZ state (l8j is for 6 = n/A. However, K.Chen, S.Albeverio and 
S.-M.Fei |19| presented recently a family of Bell inequalities involving only two measurement 
settings per observer and show by an analytical proof that all the generalized GHZ entangled 



states of n > 2 qubits can violate the inequalities [20|. Such inequalities are highly desirable 
because they can lead to a much easier and more efficient way to test nonlocality, and 
contribute to the development of novel quantum protocols and cryptographic schemes by 
exploiting much less entangled resources and experimental efforts. 

Here, we present a family of Bell-type inequalities, which are variants of the "standard" 
Bell inequalities. It is proved that all the generalized GHZ entangled states given by Eq.(l) 
can violate the inequalities. For n qubits, the quantum separability bound of our new 
inequalities is 2"^^, while the maximum possible entanglement violation is 2^""^^/^ + 2"'"^, 
which can be archived only by the GHZ state. Remarkably, the bound of local realism of the 
inequalities is 2, independent of n qubits. This yields that the local reality inequalities are 
exponentially stronger than the corresponding multipartite separability inequalities. Indeed, 
for n > 2 qubits the inequalities show that separable quantum states do not satisfy the local 
reality inequalities, in contrast to the widespread opinion that any separable quantum state 
satisfies every classical probabilistic constraints. This is so because the inequalities are based 
on both mean values and variances of observables and hence exhibit effects of quantum 
fluctuation of multipartite systems. Thus, our new inequalities demonstrate nonclassical 
properties of separable quantum states and reveal that, the exponential violation of local 
realism by separable quantum states is an interesting consequence of quantum fluctuation 
of multipartite systems. 

Let us give a brief review of MK Bell operators and the associated MK inequalities. 
The MK Bell operators of n qubits are deflned recursively {n > 2). Let djaj,a'jaj denote 
spin observables on the j-th qubit, j = 1, ...,n, where all Qj j , Qjj dbTQ unit vectors in and 
ffj = {ai, cr^, ai) is the Pauli matrices on the j-th qubit. Denote by Bi = aiffi and B[ = a[ai. 
Deflne 

Bn = Bn-i ® ^{an^n + ol^^n) + B'^_^ ® ^(a„(j„ - a^a„), (2) 

where B'^ denotes the same expression Bn but with all the aj and aL exchanged. Bn is called 
the MK Bell operator of n qubits. Assuming "local realism" jl, 2|, one concludes the MK 
inequality of n qubits as follows: 

{Bn) < 1, (3) 

which can be violated by quantum mechanics 

By convention, we adopt the notation |0") = |0---0) and = Recall that 
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when all the aj and a'j are in the x — y plane and Oj-'s are distributed with angles {j — 
l)(-l)"+i27r/(2r2) with respect to the X-axis and dj ± a'-, the associated MK Bell operator 



has the following spectral decomposition jlGl ]: 



Mn = 2("-^)/2 (|GHZ+)(GHZ+| - |GHZ_)(GHZ_|) , (4) 
where |GHZ±) = ^ (|0") ± are GHZ's states (isj. Set 

Vn = Mn + Ml (5) 

Then, 

(V„) = (Mn) + {Mn)' + A{Mn), (6) 

where A(A^„) = {{Ain — (-^n))^) is the variance of in a state. 

The separability inequalities for n qubits. — For any separable quantum state of n qubits, 
one has 

(V„) < 2"-\ (7) 

Indeed, note that V„ = 2("-i)/2(|o")(l"| + |l")(0"i) + 2""i(|0")(0"| + Then, for 

every product state lip) = \ipi) ■ ■ ■ \ipn) of n qubits, one has 

(v„) = 2(-y/2(n;=ia,/5; + n;=i 
+2"-Hn;=i i«.f + n;=i i/?.f ) 
< 2(-y/2(n;=ja,i + n;=i 1/5.1)^ 



|2^ 



+(2"-^-2("-^)/^)(n;=ii«.f+n;=i 1/5.1 

where aj = {ipj\0) and (3j = j = 1, . . . ,n. Using max(xsin0 + ?/cos0) = a/x^ + y^, 

we get (nj'=i l'^il + nj=i < 1 forn > 2. This concludes that Eq.(7) holds for all product 
states. Since a separable state is a convex combination of product states, it is concluded 
that Eq.(7) holds for all separable quantum states of > 2 qubits. 

On the other hand, for every product state \ip) = ■ ■ ■ li'n), there is a local unitary 
transformation U = Ui ® ■ ■ ■ ® Un such that U\%1)) = |0") and so, {ilj\WVnU\ilj) = 2""^ 
where W denotes the adjoint operator of U. This yields that the equality of Eq.(7) can be 
archived by product states. 

The maximum possible entanglement violation. — By Eq.(4), for any entangled state we 
have 

(V„) < 2("-i)/2 _^ 2"-i. (8) 
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It is easy to check that for the generahzed GHZ states {"^{O)) of Eq.(l), 

(^(^)|V„|^(^)) =2("^i)/2gij^2^ + 2"-^ (9) 

Thus, all generalized GHZ entangled states violate Eq.(7) and, the GHZ state is the only 
state that violates Eq.(7) maximally because the GHZ state has been shown to be the only 



16 



2l| 



state that violates the MK inequality maximally 

The local reality inequalities. — From the classical view of local realism, the values of 
ajaj,a'jaj are predetermined by a local hidden variable (LHV) A before measurement, and 
independent of measurements, orientations or actions performed on other parties at spacelike 
separation. We denote by ^(A) the statistical distribution of A satisfying ^(A) > and 
J dXg{X) = 1. Since —1 < A^„(A) < 1 for the local hidden variable A, one has 

{MnhuY = J dXgiX)MniX) < 1, 

and 

A(A1n)LHv = JdXgiX)[MniX)-{Mn) LHVj 

< 1 - (^„)^HV 

Therefore, by Eq.(6) we have 

(Vn)LHV = {Mn)LnY + {Mn)luY + A(A^„)lhv < 2. (10) 

Surprisingly, combining the separability inequality Eq.(7) and the local reality inequality 
Eq.(lO) we conclude that separable quantum states of n > 2 qubits do not satisfy the 
local reality inequalities, in contrast to the widespread opinion that any separable quantum 
state satisfies every classical probabilistic constraints. That separable quantum states do not 



satisfy the local reality inequalities has been pointed out by Loubenets [24I , but her definition 



of classicality involved is narrower than the usual concept of LHV and consequently, Ref. 



22 



does not demonstrate nonclassical properties of separable states [23|. However, our analysis 
based on both the mean values and variances of observables does involve the usual sense of 
LHV and indicates that the violation of local realism by separable states is an interesting 
consequence of quantum fluctuation of multipartite systems. 

As already demonstrated by Werner 2^, testing for entanglement within quantum the- 



ory, and testing 



shown in Ref. 



quantum mechanics against LHV theories are not equivalent. Indeed, as 
25|, the physical origins of EPR's local realism and quantum entanglement 



6 



are different. For a multipartite system which, having interacted in past, are now spatially 
separated, EPR's local reahsm means that elements of physical reality for one subsystem 
should be independent of what is done with the others. In contrast, quantum entanglement 
refers only to quantum multipartite states, whether or not the individual subsystems are 
spatially separated. The violation of Bell's inequalities assuming EPR's local realism by 
suitable entangled states is therefore an interesting but indirect consequence of quantum 
entanglement. Further, our Bell-type inequalities show that quantum fluctuation of mul- 
tipartite systems, even in product states, can exhibit quantum nonlocality against LHV 
theories based on EPR's local reahsm. 

In summary, we have presented a family of Bell-type inequalities, which arc constructed 
directly from the "standard" Bell inequalities involving two dichotomic observables per site. 
It is shown that the inequalities are violated by all the generalized GHZ entangled states of 
multiqubits. Remarkably, our new inequalities, based on both mean values and variances of 
observables, can provide stronger non-locality tests in a sense that the local reality inequali- 
ties are exponentially stronger than the corresponding multipartite separability inequalities. 
This reveals that the exponential violation of local realism by separable states is an inter- 
esting consequence of quantum fluctuation of multipartite systems. Complementary to the 
standard inequalities and a number of existing results, our result furthermore shed consider- 
able light on LHV theories based on EPR's local realism. Evidently, the argument involved 
here can be generalized to all standard Bell inequahties. We hope that those variants of the 
usual Bell inequalities will play an important role in quantum information. 

This work was supported by the National Natural Science Foundation of China un- 
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No.2001CB309309, and also funds from Chinese Academy of Sciences. 
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